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The Lax representation and Baklund transformations for the systems
similar to WZNW (Wess-Zumino-Noviov-Witten) systems and non-abelian
affine Toda models are obtained in present paper. One of these systems is a
new integrable extension of well known sine-Gordon equation.
1 Introdution
Chiral-type systems (see e.g. [1℄) are the systems of partial differential equa-
tions of the form
Uαxy +G
α
βγU
β
xU
γ
y +Q
α = 0. (1)
Here the Greek indies α, β, γ range from 1 to n and the subsripts denote
partial derivatives with respet to the independent variables x and y. The
oeffiients Gαβγ, Q
α
are assumed to be smooth funtions of the variables
U1, U2, ..., Un. The summation rule over the repeated indies is also assumed.
If system (1) is the system of Euler-Lagrange equations then the La-
grangian an be given by
L = gαβ(U
δ)Uαx U
β
y + aαβ(U
δ)Uαx U
β
y +Q(U
δ), (2)
where gαβ is a non-degenerate symmetri matrix, aαβ is a skew-symmetri
matrix and Q is a smooth funtion of the variables U1, U2, ..., Un. Notie that
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Euler-Lagrange systems for Lagrangian (2) usually are referred as general
nonlinear sigma-models (see e.g. [2℄ ,[3℄). These systems ontain the speial
lass of systems referred as WZNW(Wess-Zumino-Noviov-Witten)([4℄ ,[5℄ ,
[6℄, [7℄).
Reall that the WZNW systems an be defined in the following way. Let
H be a semi-simple Lie group, (Uα) a loal oordinate system on H and
Φα = T αβ dU
β
a basis of left-invariant forms. Then
Gαβγ = T˜
α
δ T
δ
β,γ (3)
are the oeffiients of the first flat affine onnetion of the group H . Here
and further T˜ αβ denotes the inverse matrix for T
α
β and omma denotes the
partial derivative
T δβ,γ =
∂T δβ
∂Uγ
.
WZNW system assoiated with the semi-simple Lie group H is the system
of the form (1) with Qα = 0 and oeffiients Gαβγ defined by (3).
To obtain the Lagrangian L1 for WZNW system define a 2-form σ =
aαβdU
α ∧ dUβ whih satisfies the ondition
dσ =
2
3
h0αδC
δ
βγΦ
α ∧ Φγ ∧ Φβ.
Here Cαβγ are the struture onstants of the group H determined by the basis
Φα and h0αβ is the Killing form of the Lie algebra h of the group H with
respet to the dual basis. Suh 2-form σ exist, at least loally, sine 3-form
Ψ = 2
3
h0σδC
σ
ϕψT
δ
αT
ϕ
β T
ψ
γ dU
α ∧ dUγ ∧ dUβ is losed due to the Jaobi identity.
Then the Lagrangian L1 is of the form
L1 = h
0
γδT
γ
αT
δ
βU
α
x U
β
y + aαβU
α
x U
β
y . (4)
It is well known that WZNW systems admit the Lax representation.
In Setion 2 the Euler-Lagrange systems for the Lagrangian
L2 = h
0
γδT
γ
αT
δ
βU
γ
xU
δ
y + kaαβU
α
x U
β
y
are onsidered. Here k is an arbitrary onstant, h0αβ, T
α
β , aαβ are of the same
sense as above. We will all suh systems the WZNW-like systems. The Lax
representation and Baklund transformation for these WZNW-like systems
are onstruted in Setion 2.
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In Setion 3 we give a slight addition to Lesnov-Saveliev onstrution [8℄
of Lax representation of nonlinear systems. Lesnov-Saveliev method affords
to assoiate some integrable system with symmetri spae G/H . The systems
obtained by this way are usually referred as non-abelian affine Toda models
( [3℄ , [9℄). Our observation affords to obtain additional integrable systems
in ase H is a diret produt of simple Lie groups. Further we mention
some new integrable systems assoiated with the symmetri spaes SO(p +
3)/(SO(p)× SO(3)), SO(p+ 2)/(SO(p)× SO(2)).
2 WZNW-like systems
A onstrution of the Lax representation for some hiral field systems
Uαxy +G
α
βγU
β
xU
γ
y = 0 (5)
is proposed here.
Let Θa be a basis of left-invariant forms of a Lie group G. It is well known
that the forms Θa satisfy the Cartan struture equations
dΘa = CabcΘ
c ∧Θb, (6)
where Cabc are the struture onstants.
We say that system (5) admits a Lax representation with the Lie group
G if the system
Θa = Aadx+Bady (7)
is ompletely integrable (in the sense of Frobenius) on solutions of the system
(5), i.e. if the substitution of expressions (7) into (6) results in the system
equivalent to (5).
We will onsider the groups for whih Cartan's struture equations an
be written in the form
dθα = Dαβiϕ
i ∧ θβ, (8)
dϕi = C ijkϕ
k ∧ ϕj +Riβγθγ ∧ θβ , (9)
where Dαβi, C
i
jk, R
i
βγ = const, the Greee indies α, β, γ range from 1 to n
(n=dimG/H), indies i, j, k range from 1 to r.
It is well known [10℄ that Eqs.(8) and (9) ould also be onsidered as the
struture equations of some loally symmetri spae G/H , where C ijk are the
struture onstants of the isotropy group H .
3
We look for the Lax representation of system (5) in the form
θα = Uαβ (λU
β
x dx+
1
λ
Uβy dy), (10)
ϕi = (−Γiα +H iα)Uαβ Uβx dx+ (−Γiα −H iα)Uαβ Uβy dy, (11)
where λ is a parameter, Uαβ ,Γ
i
α, H
i
α are the smooth funtions of variables
U1, U2, ..., Un. Substitute the expressions (10),(11) into Eqs.(8). Taking into
aount (5) and olleting similar terms, we arrive at equations
Uαβ,γ − Uαδ Gδβγ +Dαµi(Γiν +H iν)UµβUνγ = 0, (12)
Uαγ,β − Uαδ Gδβγ +Dαµi(Γiν −H iν)Uµγ Uνβ = 0. (13)
Subtrating (13) from (12) and separating out the symmetri and skew-
symmetri parts of result, we obtain the equalities
Uα[β,γ] +D
α
µiΓ
i
νU
µ
[βU
ν
γ] = 0, (14)
DαµiH
i
νU
µ
(βU
ν
γ) = 0. (15)
Now from Eqs.(12),(13) in terms of (14),(15) it follows that
Uαδ G
δ
[βγ] = D
α
µiH
i
νU
µ
[βU
ν
γ], (16)
Uαδ G
δ
(βγ) = U
α
(β,γ) +D
α
µiΓ
i
νU
µ
(βU
ν
γ). (17)
Analogously, substituting (10) and (11) into Eqs.(9) and taking into aount
(5),(14),(15),(16),(17), we get
Γi[µ;ν] +H
i
σD
σ
[µ|j|H
j
ν] − ΓiσDσ[µ|j|Γjν] = C ijkΓk[µΓjν] − C ijkHk[µHjν] −Riµν , (18)
H i(µ;ν) = H
i
σD
σ
(µ|j|Γ
j
ν) + 2C
i
jkH
k
(µΓ
j
ν). (19)
Here we assume dΓiν = Γ
i
ν;σU
σ
β dU
β , dH iν = H
i
ν;σU
σ
β dU
β
. So the following
theorem is proved.
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Theorem 1 Let G be a Lie group with the struture equations (8),(9) and
Gαβγ, U
α
β ,Γ
i
α, H
i
α are smooth funtions satisfying the onditions (14)-(19).
Then equalities (10),(11) define the Lax representation of the system (5).
Example 1.
The proposed onstrution an be used to obtain well known Lax repre-
sentation of hiral fields equations valued in symmetri spae G/H (see e.g.
[11℄).
Let θα = Uαβ dU
β
are the basi forms and ϕi = −ΓiαUαβ dUβ are the on-
netion forms of the symmetri spae G/H . Then from (8),(9) it follows
that
Uα[µ,ν] = −DαϕiΓiψUϕ[µUψν],
Γi[µ,ν] − ΓiσDσ[µ|i|Γiν] = C ijkΓkµΓjν − Riµν .
Assume H iα = 0 in (11). Then the onditions (14),(15),(18),(19) are fulfilled
and equations(8)-(11) define the Lax representation of the system (5), where
Gα[βγ] = 0,
Gα(βγ) = U˜
α
σ [U
σ
(β,γ) +D
α
ϕiΓ
i
ψU
ϕ
(βU
ψ
γ)],
i.e. Gαβγ are the oeffiients of the anonial affine onnetion of the sym-
metri spae G/H with respet to the holonomi basis.
Example 2.
Let H be a Lie group. Consider the symmetri spae (H × H)/H with
the anonial affine onnetion. Then the struture equations of the sym-
metri spae (H×H)/H are of the form (8),(9), where C ijk are the struture
onstants of the group H , Dαβi = 2C
α
βi, R
i
αβ = −C iαβ and all indies range
from 1 to n = dimH . Assuming Γiα = 0, H
i
α = δ
i
α in (10),(11), we obtain the
Lax representation of the system (5) with oeffiients Gαβγ of the form
Gα[βγ] = 2U˜
α
δ C
δ
ϕψU
ϕ
β U
ψ
γ ,
Gα(βγ) = 2U˜
α
δ U
δ
β,γ .
Here Uαβ are the smooth funtions with the following properties
Uα[β,γ] = 0,
det||Uαβ || 6= 0.
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Theorem 2 Let H be a semi-simple Lie group and
1) (Uα) is a loal oordinate system on the group H;
2) Cαβγ are the struture onstants of the Lie group H with respet to the
basis of left-invariant forms Φα = T αβ dU
β;
3) h0αβ is the Killing form of the Lie algebra h of the group H given in the
dual basis;
4) hαβ is the Killing metri of the group H, i.e.
hαβ = h
0
ϕψT
ϕ
α T
ψ
β ; (20)
5) σ = aαβdU
α ∧ dUβ is the 2-form whih satisfies the ondition
dσ =
2
3
h0δσC
σ
βγΦ
δ ∧ Φγ ∧ Φβ .
Then the system of Euler-Lagrange equations for Lagrangian
L = hαβU
α
x U
β
y + kaαβU
α
x U
β
y (21)
admits the Lax representation. Here k 6= ±1 is an arbitrary onstant.
Proof. Consider the symmetri spae (H × H)/H with the struture
equations (8),(9), where Dαβi = 2C
α
βi, R
i
αβ = −C iαβ and all indies range from
1 to n. Assume
Uαβ =
1
2
√
k2 − 1T αβ ,
Γiα = −
1√
k2 − 1δ
i
α, H
i
α =
k√
k2 − 1δ
i
α,
where k 6= ±1 is an arbitrary onstant. Then the expressions (10),(11) define
the Lax representation for the system
Uαxy + T˜
α
σ [T
σ
(β,γ) + kC
σ
ϕψT
ϕ
β T
ψ
γ ]U
β
xU
γ
y = 0. (22)
Now prove that the system (22) is the system of Euler's equations for
Lagrangian (21). Indeed, the Euler equations for the Lagrangian (21) results
in the system (5), where
Gαβγ =
1
2
h˜αδ(hδγ,β + hδβ,γ − hβγ,δ) + 3
2
h˜αδa[δγ,β]. (23)
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One an easily verify that in our ase we have the equalities
Gα(βγ) =
1
2
h˜αδ(hδγ,β + hδβ,γ − hβγ,δ) = T˜ αδ T δ(β,γ). (24)
So the oeffiients Gαβγ of the Euler equations are of the form (22) if the
torsion
Aαβγ = G
α
[βγ] = kT˜
α
σ C
σ
ϕψT
ϕ
β T
ψ
γ (25)
of the onnetion satisfies the following ondition Aαβγ = hδαA
δ
βγ =
3
2
a[αγ,β].
Taking into aount (20), we obtain Aαβγ = kh
0
σδC
σ
ϕψT
δ
αT
ϕ
β T
ψ
γ .
Notie that 3-form Ψ = 2
3
h0σδC
σ
ϕψT
δ
αT
ϕ
β T
ψ
γ dU
α ∧ dUγ ∧ dUβ is losed due
to the Jaobi identity. Therefore there exist, at least loally, a 2-form σ suh
that the equality dσ = Ψ is fulfilled. So assuming aαβdU
α ∧ dUβ = σ, we
obtain that the Euler equations for Lagrangian (21) oinide with the system
(22). 
Remark. One an easily verify that the oeffiients Gαβγ defined by equal-
ities (24),(25) are the oeffiients of the affine onnetion of homogeneous
redutive spae whih an be haraterized by the following onditions:
∇Rαβγδ = 0, ∇Aαβγ = 0.
Moreover, one an see that the Rii identities
Rα[βγδ] = 0
are true for the onnetion with oeffiients defined by (24),(25).
Notie that the Lax representation without parameter for the systems
with suh onnetion was mentioned in [12℄.
The Baklund transformation for the systems (22) an be obtained from
the following theorem
Theorem 3 Let C
α
βγ, Ĉ
α
βγ be the struture onstants of n-dimensional Lie
algebras and funtions Uαβ = U
α
β (U
γ), V αβ = V
α
β (V
γ) satisfy the equations:
Uα[β,γ] = C
α
ϕψU
ϕ
β U
ψ
γ , det||Uαβ || 6= 0, (26)
V α[β,γ] = Ĉ
α
ϕψV
ϕ
β V
ψ
γ , det||V αβ || 6= 0, (27)
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Then the equalities
Uαβ U
β
x = V
α
β V
β
x , (28)
Uαβ U
β
y = −V αβ V βy (29)
define the Baklund transformations between the systems
Uαxy + U˜
α
δ [U
δ
(β,γ) + Ĉ
δ
ϕψU
ϕ
β U
ψ
γ ]U
β
xU
γ
y = 0, (30)
V αxy + V˜
α
δ [V
δ
(β,γ) + C
δ
ϕψV
ϕ
β V
ψ
γ ]V
β
x V
γ
y = 0 (31)
Proof. Indeed, take the derivatives of equalities (28),(29) with respet to
variables x and y. Then adding and subtrating the obtained equalities and
taking into aount (26),(27),(28),(29), we arrive at the systems (30),(31).

Corollary 1. The equalities (28),(29) define the Baklund transforma-
tions between the systems
Uαxy + U˜
α
δ [U
δ
(β,γ) + kC
δ
ϕψU
ϕ
β U
ψ
γ ]U
β
xU
γ
y = 0, (32)
V αxy + W˜
α
δ [W
δ
(β,γ) +
1
k
CδϕψW
ϕ
βW
ψ
γ ]V
β
x V
γ
y = 0, (33)
were k = const and funtions Uαβ = U
α
β (U
γ),W αβ = W
α
β (V
γ) satisfy the
equations
Uα[β,γ] = C
α
ϕψU
ϕ
β U
ψ
γ , det||Uαβ || 6= 0, (34)
W α[β,γ] = C
α
ϕψW
ϕ
βW
ψ
γ , det||W αβ || 6= 0. (35)
Proof. Assume C
α
βγ = C
α
βγ, Ĉ
α
βγ = kC
α
βγ,W
α
β = kV
α
β . Then the funtions
Uαβ , W
α
β satisfy the Eqs.(35),(34) and the systems (30),(31) oinide with the
systems (32),(33).
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3 Systems assoiated with the symmetri spae
G/(H1 × ...×Hp)
We use the loal oordinate approah to Lesnov-Saveliev onstrution in
order to find the Lax representation for some systems of the form (1).
Let G/H be a symmetri spae with the struture equations of the form
dωα
′
= Dα
′
β′γθ
γ ∧ ωγ′, (36)
dθα = Cαβγθ
γ ∧ θβ +Rαβ′γ′ωγ
′ ∧ ωβ′. (37)
Here the Greek indies α, β, γ range from 1 to n and indies α′, β ′, γ′ range
from n+ 1 to r. We assume
ωα
′
= λMα
′
dx+
1
λ
Nα
′
dy, (38)
θα = T α1βU
β
x dx+ T
α
2βU
β
y dy, (39)
where Mα
′
, Nα
′
, T α1β , T
α
2β are the smooth funtions of variables U
1, ..., Un.One
an easily verify that the following theorem is true [13℄.
Theorem 4 Let Cαβγ be the struture onstants of the isotropy group H of
some loally symmetri spae G/H with the struture equations (36),(37).
Assume that there exist matries ‖T α1β‖, ‖T α2β‖ and funtions Mα′ , Nα′ with
the following properties:
T αi[β,γ] = C
α
µνT
µ
iβT
ν
iγ (i = 1, 2), (40)
det‖T α1β − T α2β‖ 6= 0, (41)
Mα
′
,δ = D
α′
β′γT
γ
2δM
β′ , (42)
Nα
′
,δ = D
α′
β′γT
γ
1δN
β′ . (43)
Then equalities (38),(39) define the Lax representation of the system (1) if
the funtions Gαβγ, Q
α
are of the form
Gαβγ = P˜
α
δ [P
δ
(β,γ) + 2C
δ
ϕψS
ϕ
βS
ψ
γ − 2CδϕψP ϕ(γSψβ)],
9
Qα = −P˜ αδ Rδβ′γ′Nγ
′
Mβ
′
,
where Sαβ =
1
2
(T α1β + T
α
2β), P
α
β =
1
2
(T α1β − T α2β) and P˜ denotes the inverse
matrix for P .
The question under onsideration is how to find the funtions T αiβ ,M
α′ , Nα
′
satisfying the ondition (40)-(43). One solution an be obtained by the fol-
lowing way. Let Cαβγ be the struture onstants of the group H with respet
to a basis of left-invariant forms Φα = T αβ dU
β
. Assume T α1β = T
α
β , T
α
2β = 0
(or T α1β = 0, T
α
2β = T
α
β ). Then one an see that (40),(41) and the om-
patibility onditions for the systems (42),(43) are fulfilled. So the equalities
(36)-(39) define the Lax representation of the system (1) with the oeffiients
Qα and Gαβγ mentioned in theorem 4. Notie that this Lax representation
oinide with one obtained by Lesnov-Saveliev [8℄. Further we give another
solution of the equations (40)-(43) in ase H is a diret produt of simple
groups H1, ..., Hp.
Let G/H be a loally symmetri spae and H = H1 ×H2, where H1, H2
are the simple Lie groups. Split the loal oordinates (Uα) into to groups
(Uα1 , Uα2) aording to the deomposition of the group H and rewrite the
struture equations of the symmetri spae G/H in the form
dωβ
′
= Dβ
′
γ′α1
θα1 ∧ ωγ′ +Dβ′γ′α2θα2 ∧ ωγ
′
, (44)
dθα1 = Cα1β1γ1θ
γ1 ∧ θβ1 +Rα1β′γ′ωγ
′ ∧ ωβ′, (45)
dθα2 = Cα2β2γ2θ
γ2 ∧ θβ2 +Rα2β′γ′ωγ
′ ∧ ωβ′. (46)
We will use the following notations.
1) g, h, h1, h2 are the Lie algebras of the groups Lie G,H,H1, H2 respetively.
2) Cα1β1γ1 , C
α2
β2γ2
are the struture onstants of the Lie groups H1, H2 with
respet to the bases of left-invariant forms Φα1 = T α1β1 dU
β1,Φα2 = T α2β2 dU
β2.
3) h0α1β1, h
0
α2β2
are the matries of the Killing forms h01(·, ·), h02(·, ·) of the Lie
algebras h1, h2 given in the bases dual to the bases Φ
α1 ,Φα2 and g0(·, ·) is the
Killing form of the algebra g.
4) Si are the onstants satisfying the equalities
h0i (·, ·) = Sig0(·, ·)|hi (i = 1, 2). (47)
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Suh onstants exist due to simpliity of the subalgebras h1, h2.
5) hα1β1, hα2β2 are the Killing metris of the groups H1 and H2 respetively,
i.e.
hαiβi = h
0
γiδi
T γiαiT
δi
βi
, (i = 1, 2). (48)
6) σi = aαiβidU
αi∧dUβi (i = 1, 2) are the 2-forms whih satisfy the onditions
dσi =
2
3
h0αiδiC
δi
βiγi
Φαi ∧ Φγi ∧ Φβi. (49)
Theorem 5 Let G/H be a loally symmetri spae, G the semi-simple Lie
group and H = H1 ×H2, where H1, H2 are the simple Lie groups.
Then the Euler's system for Lagrangian
L = S2[hα1β1(U
γ1) + ε1aα1β1(U
γ1)]Uα1x U
β1
y +
+S1[hα2β2(U
γ2) + ε2aα2β2(U
γ2)]Uα2x U
β2
y +Q (50)
admits the Lax representation if
Q = 4S1S2g
0
γ′δ′M
γ′N δ
′
, (51)
εi = ±1 (i = 1, 2),
and funtions Mγ
′
, N δ
′
satisfy the following onditions:
Mγ
′
,β1
=
1− ε1
2
Dγ
′
δ′α1
T α1β1 M
δ′ , Mγ
′
,β2
=
1− ε2
2
Dγ
′
δ′α2
T α2β2 M
δ′ , (52)
Nγ
′
,β1
=
1 + ε1
2
Dγ
′
δ′α1
T α1β1 N
δ′ , Nγ
′
,β2
=
1 + ε2
2
Dγ
′
δ′α2
T α2β2 N
δ′ . (53)
Proof. Assume
θα1 =
1 + ε1
2
T α1β1 U
β1
x dx+
1− ε1
2
T α1β1 U
β1
y dy, (54)
θα2 =
1 + ε2
2
T α2β2 U
β2
x dx+
1− ε2
2
T α2β2 U
β2
y dy, (55)
ωγ
′
= λMγ
′
dx+
1
λ
Nγ
′
dy. (56)
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Substituting the expressions (54)-(56) into the struture equations (44)-(46),
we arrive at the system of the form (1) with oeffiients
Gα1β1γ1 = T˜
α1
δ1
(T δ1(β1,γ1) + ε1T
δ1
[β1,γ1]
), (57)
Gα2β2γ2 = T˜
α2
δ2
(T δ2(β2,γ2) + ε2T
δ2
[β2,γ2]
), (58)
Qα1 = 2ε1T˜
α1
δ1
Rδ1β′γ′M
γ′Nβ
′
, (59)
Qα2 = 2ε2T˜
α2
δ2
Rδ2β′γ′M
γ′Nβ
′
. (60)
Prove that this system is the Euler-Lagrange system for the Lagrangian (50).
Indeed, the Euler equations for the Lagrangian (50) results in the system
Uα1xy +G
α1
β1γ1
Uβ1x U
γ1
y −
1
2S2
h˜α1β1Q,β1 = 0,
Uα2xy +G
α2
β2γ2
Uβ2x U
γ2
y −
1
2S1
h˜α2β2Q,β2 = 0,
where the oeffiients Gα1β1γ1 , G
α2
β2γ2
are of the form (57),(58). The proof of
this fat is analogous to the proof of the theorem 2.
Now prove that the funtions − 1
2S2
h˜α1β1Q,β1 oinide with the funtions
(59). Let g = h⊕m be a anonial deomposition, i.e.
[h, h] ⊂ h, [h,m] ⊂ m, [m,m] ⊂ h.
Then due to the properties of the Killing form and (47) it is true that
h01(h, [m1, m2]) = S1g
0(m1, [m2, h]) (61)
for any arbitrary elements h ∈ h1, m1, m2 ∈ m.
The equalities (61) are equivalent to the following onditions
h0α1ϕ1R
ϕ1
β′γ′ = Sg
0
β′δ′D
δ′
γ′α1
. (62)
Now differentiating expression (51) and taking into aount (52),(53) and
(62), we obtain
Q,β1 = 4S1S2g
0
γ′δ′(M
γ′
,β1
N δ
′
+Mγ
′
N δ
′
,β1
) =
12
= 4S1S2g
0
γ′δ′(
1− ε1
2
Dγ
′
ψ′α1
T α1β1 M
ψ′N δ
′
+
1 + ε1
2
Dδ
′
ψ′α1
T α1β1 M
γ′Nψ
′
) =
= −4ε1S2h0α1ϕ1Rϕ1δ′γ′T α1β1 Mγ
′
N δ
′
and the funtions − 1
2S2
h˜α1β1Q,β1 oinide with the funtions (59). Analo-
gously one an verify that the funtions − 1
2S1
h˜α2β2Q,β2 oinide with the
funtions (60).
Remark. In ase ε1 = ε2 we ome to the system whih an be obtained by
means of Lesnov-Saveliev onstrution.
Analogously an be proved the following theorem.
Theorem 6 Let G/H be a loally symmetri spae, G the semi-simple Lie
group and H = H1 × ...×Hp, where H1, ..., Hp are the simple Lie groups.
Then the Euler's system for Lagrangian
L =
p∑
i=1
S
Si
[hαiβi(U
γi) + εiaαiβi(U
γi)]Uαix U
βi
y + 4Sg
0
β′γ′M
β′Nγ
′
admits the Lax representation. Here εi = ±1; hαiβi are the Killing metris of
the groups Hi (i = 1, p); S = S1...Sp; onstants Si are defined by equalities
h0i (·, ·) = Sig0(·, ·)|hi ;
aαiβi are defined as in previous theorems by 2-forms σi; and M
β′ , Nγ
′
are
defined analogously to previous theorem.
Example 3.(The system assoiated with SO(6)/(SO(3)× SO(3)).)
Choose the oordinates U1, U2, U3 of the group SO(3) to be Euler's angles.
Then the left-invariant forms an be written in the following form
Φ1 = − cosU2dU3 − sinU2 sinU3dU1,
Φ2 = sinU3 cosU2dU1 − sinU2dU3,
Φ3 = − cosU3dU1 − dU2
and
dΦ1 = Φ3 ∧ Φ2, Φ2 = Φ1 ∧ Φ3, Φ3 = Φ2 ∧ Φ1
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are the struture equations of the group SO(3). On the seond group H2 =
SO(3) we hoose the loal oordinates U4, U5, U6 and left-invariant forms
Φ4,Φ5,Φ6 analogously.
Rewrite the struture equations of the symmetri spae SO(6)/(SO(3)×
SO(3)) in the form
dΩ = Ω ∧ Ω, Ω =
∥∥∥∥ θ
a
b ω
a
b′
ωa
′
b θ
a′
b′
∥∥∥∥ , (63)
where the forms θab = −θba, θa
′
b′ = −θb
′
a′ , ω
a′
b = −ωba′ , the indies a, b, c... range
from 1 to 3 and a′, b′, ... range from 4 to 6.
Assume ε1 = −1, ε2 = 1, i.e.
θ12 = (− cosU3U1y − U2y )dy, θ13 = (− sinU3 cosU2U1y + sinU2U3y )dy,
θ23 = (− cosU2U3y − sinU2 sinU3U1y )dy, θ45 = (− cosU6U4x − U5x)dx, (64)
θ46 = (− sinU6 cosU5U4x+sinU5U6x)dx, θ56 = (− cosU5U6x−sinU5 sinU6U4x)dx,
ωaa′ = λM
a
a′dx+
1
λ
Naa′dy. (65)
Substituting the expressions (64),(65) into Eqs.(63) and equating the oeffi-
ients with λ and 1
λ
, we arrive at the system of partial differential equations
for the funtions Maa′ , N
a
a′. Integrating this system, we find the simplest so-
lution: M16 = sinU
2 sinU3, M26 = − cosU2 sinU3, M36 = cosU3, N34 =
k sinU2 sinU3, N35 = −k cosU5 sinU6, N36 = k cosU6, where k = const, and
the other funtions Maa′ , N
a
a′ vanish. Substituting these funtions M
a
a′ , N
a
a′ ,
into Eqs.(65), we obtain the Lax representation of the Euler-Lagrange system
for Lagrangian
L =
3∑
β1=1
Uβ1x U
β1
y + 2 cosU
3U1yU
2
x +
6∑
β2=4
Uβ2x U
β2
y
+cosU6(U4yU
5
x + U
4
xU
5
y )− cosU6(U4yU5x − U4xU5y ) + 2k cosU3 cosU6. (66)
Example 4.(An integrable extension of the sine-Gordon equation)
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Notie that the system of Euler-Lagrange equations for the Lagrangian
(66) admits the redution whih is similar to one shown in [14℄. Indeed,
inserting the expressions
U1x = − cosU3U2x , U1y = −
1
cosU3
U2y ,
U4x = −
1
cosU6
U5x , U
4
y = − cosU6U5y
in this system, we arrive at the system
U2xy+U
3
yU
2
xctgU
3+
1
sinU3 cosU3
U3xU
2
y = 0, U
3
xy−U2yU2xtgU3+k sinU3 cosU6 = 0,
U5xy+U
5
yU
6
xctgU
6+
1
sinU6 cosU6
U5xU
6
y = 0, U
6
xy−U5yU5xtgU6+n cosU3 sinU6 = 0.
The latter system is not the system of Euler-Lagrange equations. However,
it admits the Baklund transformation defined by the equalities
U2y =
cosU3
1 + cosU3
V 1y , U
2
x =
1
1 + cosU3
V 1x , U
3 = V 2,
U5y =
1
1 + cosU6
V 3y , U
5
x =
cosU6
1 + cosU6
V 3x , U
6 = V 4,
to the Euler-Lagrange one
V 1xy +
1
sinV 2
V 1y V
2
x +
1
sin V 2
V 2y V
1
x = 0,
V 2xy −
sin V 2
(1 + cosV 2)2
V 1y V
1
x + k sinV
2 cosV 4 = 0,
V 3xy +
1
sinV 4
V 3y V
4
x +
1
sin V 4
V 4y V
3
x = 0, (67)
V 4xy −
sin V 4
(1 + cosV 4)2
V 3y V
3
x + k cosV
2 sinV 4 = 0.
The Lagrangian for the system (67) is of the form
L = V 1x V
1
y tg
2V
2
2
+ V 2x V
2
y + V
3
x V
3
y tg
2V
4
2
+ V 4x V
4
y + 2k cosV
2 cos V 4. (68)
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Remark 1. The system (67) ould be onsidered as a "doubled" omplex
sine-Gordon system. Indeed, inserting V 1 = V 3, V 2 = V 4 in (67), we arrive
at the omplex sine-Gordon system. Further, assuming V 1 = V 3 = V, V 2 =
V 4 = 0 we obtain well known sine-Gordon equation.
Remark 2. The metri assoiated with the Lagrangian (68) is the produt
of two blak hole metris [15℄.
Remark 3. The system (67) admits the Lax representation whih an be
written in the form (63), where
θ12 =
1
2 cos V
2
2
(V 1x dx+ V
1
y dy), θ
1
3 = −
sin V
2
2
2 cos2 V
2
2
(V 1x dx− V 1y dy),
θ23 =
1
2
(V 2x dx− V 2y dy), θ45 =
1
2 cos V
4
2
(V 3x dx+ V
3
y dy),
θ46 = −
sin V
4
2
2 cos2 V
4
2
(V 3x dx− V 3y dy), θ56 =
1
2
(V 4x dx− V 4y dy),
ωaa′ = λM
a
a′dx+
1
λ
Naa′dy,
Ma4 = M
1
a′ = 0, N
a
4 = N
1
a′ = 0,
M25 = sin
V 2
2
sin
V 4
2
, M26 = − sin
V 2
2
cos
V 4
2
,
M35 = − cos
V 2
2
sin
V 4
2
, M36 = cos
V 2
2
cos
V 4
2
,
N25 = k sin
V 2
2
sin
V 4
2
, N26 = k sin
V 2
2
cos
V 4
2
,
N35 = k cos
V 2
2
sin
V 4
2
, N36 = n cos
V 2
2
cos
V 4
2
.
Notie, that we onstrut the Lax representation of the system (67) with
the help of the struture equations of the symmetri spae SO(6)/(SO(3)×
SO(3)). Further we give examples of new integrable systems similar to
Example 4. These systems differ from ones mentioned in theorem 5 but the
Lax representations for them are assoiated with the symmetri spaes of the
form G/(H1 ×H2).
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Theorem 7 To every symmetri spae of the form SO(p + 3)/(SO(p) ×
SO(3)) (p ≥ 3) there orresponds the Lax representation of Euler's equations
for Lagrangian
L = gα1β1U
α1
x U
β1
y + aα1β1U
α1
x U
β1
y − 2(p− 2)[V 1x V 1y tg2
V 2
2
+ V 2x V
2
y ]
+4(p− 2)M bb′N b
′
b . (69)
Here gα1β1 , aα1β1 are of the same sense as in previous theorems, Latin indies
a, b range from 1 to p; indies a′, b′ range from p+ 1 to p+ 3 and funtions
M bb′ , N
b
b′ will be defined in the proof.
Proof. We use the embedding of the group SO(p+ 3) into GL(p + 3) and
rewrite the struture equations of the symmetri spae SO(p+ 3)/(SO(p)×
SO(3)) in form (63), where indies a, b = 1, p, a′, b′ = p+ 1, p+ 3. Let the
oeffiients Habδ1 = −Hbaδ1 be defined by the embedding of the Lie algebra
so(p) into the gl(p). Then these oeffiients satisfy the identities:
Habδ1C
δ1
β1γ1
= Had[γ1H
d
|b|β1], (p− 2)Habβ1Hbaγ1 = hβ1γ1 , (70)
where Cδ1β1γ1 and hβ1γ1 are the struture onstants and the Killing metri of
so(p) whit respet to the basis Φα1 = T α1β1 dU
β1
.
Assume
θab = H
a
bβ1
T β1γ1 U
γ1
x dx, θ
p+1
p+2 =
1
2 cos V
2
2
(V 1x dx+ V
1
y dy), (71)
θp+1p+3 = −
sin V
2
2
2 cos2 V
2
2
(V 1x dx− V 1y dy), θp+2p+3 =
1
2
(V 2x dx− V 2y dy), (72)
ωaa′ = λM
a
a′dx+
1
λ
Naa′dy
in (63). Then we obtain the ompletely integrable systems for the funtions
Maa′ , N
a
a′ :
Maa′,β1 = 0, M
a
p+1,V 1 =
1
2 cos V
2
2
Map+2 +
sin V
2
2
2 cos2 V
2
2
Map+3, M
a
p+1,V 2 = 0,
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Map+2,V 1 = −
1
2 cos V
2
2
Map+1, M
a
p+2,V 2 = −
1
2
Map+3, M
a
p+3,V 1 = −
sin V
2
2
2 cos2 V
2
2
Map+1,
Map+3,V 2 =
1
2
Map+2, N
a
a′,β1
= 2Habγ1T
γ1
β1
N ba′ , N
a
p+1,V 1 =
1
2 cos V
2
2
Nap+2− sin
V
2
2
2 cos2 V
2
2
Nap+3,
Nap+1,V 2 = 0, N
a
p+2,V 1 = −
1
2 cos V
2
2
Nap+1, N
a
p+2,V 2 =
1
2
Nap+3,
Nap+3,V 1 =
sin V
2
2
2 cos2 V
2
2
Nap+1, N
a
p+3,V 2 = −
1
2
Nap+2.
One an verify that integrating these systems and then substituting the found
solutions and expressions (71),(72) into Eqs.(63), we obtain the Lax repre-
sentation of the Euler-Lagrange system for Lagrangian (69). 
Theorem 8 To every symmetri spae
SO(p+2)/(SO(p)×SO(2)) (p ≥ 3) there orresponds the Lax represen-
tation of Euler's equations for Lagrangian
L = [gα1β1(U
γ1) + aα1β1(U
γ1)]Uα1x U
β1
y − 2(p− 2)k2VxVy + 4(p− 2)M bb′N b
′
b ,
where k = const.
Proof. The Lax representation of these system we obtain substituting
θab = H
a
bβ1
T β1γ1 U
γ1
x dx, θ
p+1
p+2 = kVydy, (73)
ωaa′ = λM
a
a′dx+
1
λ
Naa′dy
in (63). Here the funtions Maa′ , N
a
a′ satisfy the following equations:
Maa′,β1 = 0, M
a
p+1,V = kM
a
p+2, M
a
p+2,V = −kMap+1, (74)
Naa′,β1 = H
a
bγ1
T γ1β1N
b
a′ , N
a
a′,V = 0.

Example 5.(The system assoiated with SO(5)/(SO(3)× SO(2)).)
Choose the loal oordinates and left-invariant forms on the group SO(3)
as in Example 1. Assume M15 = sinU
2 sinU3, M25 = − cosU2 sinU3, M35 =
18
cosU3, Ma4 = 0, N
1
a′ = N
2
a = 0, N
3
4 = l sin kV, N
3
5 = l cos kV, l =
const, k = const. Then we obtain the Lax representation of the Euler-
Lagrange system for the Lagrangian
L =
3∑
α1=1
Uα1x U
α1
y + k
2VxVy + 2 cosU
3U1yU
2
x + 2l cosU
3 cos kV.
Carrying out the redutions and the Baklund transformation analogous
to Example 1, we obtain the system
V 1xy +
1
sinV 2
V 1y V
2
x +
1
sin V 2
V 2y V
1
x = 0,
V 2xy −
sin V 2
(1 + cosV 2)2
V 1y V
1
x + l sinV
2 sinV 3 = 0, (75)
V 3xy +
l
k
cosV 2 sin kV 3 = 0
whih is the Euler's system for the Lagrangian
L = V 1x V
1
y tg
2V
2
2
+ V 2x V
2
y + k
2V 3x V
3
y + 2l cosV
2 cos kV 3. (76)
This system admits the Lax representation of the form (63), where
θ12 =
1
2 cos V
2
2
(V 1x dx+ V
1
y dy), θ
1
3 = −
sin V
2
2
2 cos2 V
2
2
(V 1x dx− V 1y dy),
θ23 =
1
2
(V 2x dx− V 2y dy), θ45 = kV 3x dx,
ωAA′ = λM
A
A′dx+
1
λ
NAA′dy,
MA4 = M
1
5 = N
1
4 = N
1
5 = 0, M
2
5 = − sin V
2
2
, M35 = cos
V 2
2
, N24 =
l sin V
2
2
sin kV 4, N25 = l sin
V 2
2
cos kV 3, N34 = l cos
V 2
2
sin kV 3, N35 = l cos
V 2
2
cos kV 3.
Notie that the integrable systems with Lagrangian
L = V 1x V
1
y tg
2V
2
2
+ V 2x V
2
y + k
2V 3x V
3
y +Q
were ompletely studied by Meshkov A.G. and Demskoi D.K. (see e.g. [1℄,[16℄).
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